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g 1 Abstract 

The article gives the explicit interpretation of the nonlinear locally anisotropic 
a— model of Boze string^. The equations of motions and tensor of energy- 
momentum, the background field method applied to get order extensions 
of the effective action consequently accommodated to the geometry of lo- 
cally anisotropic spaces, additional contributions-corrections resulted from 
the richer geometric character of the model are calculated and interpreted 
from the possible physical point of view. It is shown that the strings the- 
ory considered on spaces with local anisotropy and nonlinear connections are 
renormalizable taken the similar nature of the explicitly calculated anisotropic 
corrections with the Riemannian one. 

Author explains shortly necessary geometrical background and conven- 
tions of locally anisotropic geometry as well as the effects of this geometry 
on strings. Mention is given particularly to the interpretation of the results 
and "new" aspects that features the locally anisotropic strings form their 
Riemannian counterparts. 



lr rhe author is indebted to Dr. Sergiu Vacaru for some conceptual discussions. 



2 Introduction 

The concept of locally anisotropic strings and of the nonlinear a— model had 
already been advanced in some works |]32], |33], 27]. There has been given 



the substantial body of conceptual motivation and necessary geometrical 
language adopted to develop the locally anisotropic (super) strings JIB], [j], §], 
and their extensions to superstrings pi ITJ, 



The diversity of results formulated and obtained in locally anisotropic 
physics |JT], [37], [J^, [3B|, |33j] provoked and justified a special interest for mod- 



elling of nonlinear a— model on spaces with local anisotropy. 

As the nonlinear geometry considered sometimes inadequate or rather 
inappropriate for the easily accepted standard mathematical tools to explain 
physical phenomena, physicists always remain "unhappy" that the diverse 
nature of the phenomenon considered is somewhat straiten out by isotropic 
and/or linear approximations. A physicist always wants that linear isotropic 
mathematical tool applied to describe a phenomena keep the model flexible 
enough to consider possible intrusions deviations, interferences, interactions 
and corrections. It has been a predominant practice that intrinsically desired 
flexibility is introduced or accounted for with the help of some external to 
the initial mathematical tool of model assumptions or approximations. It 
does though make happy the physicist, however demonstrating after all, how 
innovative the human intelligence is, yet leaves one with the sense of self- 
inconsistency of the theory itself. 

The proposed example demonstrates how the nonlinear geometry-spaces 
with nonlinear connection or spaces with local anisotropy, spaces that evi- 
dently will make happy any physicist to modulate a phenomena, once he/she 
has an appropriate mathematical tool to work with, allows the generaliza- 
tion of the non-linear a— model. The explicitly constructed model on locally 
anisotropic spaces gives not just necessarily locally anisotropic corrections, 
but is manifestly renormalizable and consistent with the standard previously 
obtained results of nonlinear a— model and what is important essentially 
widens the horizon of modelling string theories. 

The rich nature of the fiber-base structures allows, apart from construc- 
tion of strict physically friendly results, hypothetical interpretation of the 
fiber-base objects, as for instance the interaction gauge like fields. This ob- 
jects serve also simultaneously as some additional terms-calculated explicitly 
in this work-for the standard nonlinear a— model. The fiber-base objects, 



reasonably judged, may lead to some further developments of string theory 
as for, instance the consistent explication of the string interactions. The 
above suggested ideas may justifiably present certain interest for physicists. 
The article is structured sa follows: first goes a brief introduction into 
locally anisotropic geometry and objects; than the equations of motion and 
tensor of energy-momentum of locally anisotropic strings is considered; fol- 
lows the accommodation of the standard background field method; later 
the effective action order extension and locally anisotropic counterterms dis- 
cussed widely; the article finalizes conclusions and discussions of the obtained 
results. 

3 An Outline of Locally Anisotropic Geome- 
try. 

We consider e = (E, n, F, G, M) to be a locally trivial vector bundle, v- 
bundle, where F is a vector space with dimF=m, G is a group of automor- 
phism of F, ir = E — > M is a surjective map and a differentiable manifold 
F, dim E=m + n is called as the total space of v -bundle e. We can locally 
parameterize e by coordinates u a = (x\y a ), where i,j,k,l,m,n,u,... take 
value 0, 1, ...n — 1 and Greek indices a, b, c, d, e, /, ... take value 0, 1, ...m — 1. 

Coordinate transforms (x l , y a ) — ► (x l , y a ) on differentiable manifold e are 
given by formulas x % = x l (x t ),rank(dx t /dx % ) = n,and y a = M" (x)y a , M% (x) 
G 

We provide e with the structure of nonlinear connection that splits v- 
bundle into horizontal, HE and vertical VE subbundles of the tangent bundle 
TE 

TE = HE® VE (1) 

For a iV-connection on e one can associate the covariant derivation operator 

{8A a 1 

— + N?(x,A)\s a (2) 

where s a are local linearly independent sections of e, A = A a s a and Y = Y l Si 
is a vector field decomposition on local bases Si on M. N?(x,y) are called as 
coefficients of N- connection. 



The transformation law for iV-connection under coordinate transforms 

' dx { ' > dM a ' 

N ? -q-> = K {x)N? - -^-W (3) 

A^-connection N®(x,y) is characterized by its curvature 

n = -n^dx 1 a dx 3 ® -^- (4) 

2 lJ dy a 



with coefficients 



dNf dNf „.dN? „ h dN? 



,J dx l dxi 3 dy b l dy b w 

For further needs we define a locally adopted (to N- connection) reaper 
basis as 



The dual basis to x Q is as 

u a = 5u a = (x l = dx l ] x a = 5y a = dy a + N?(x, y)dx i ) (7) 

The algebra of tensors distinguished fields on e can be introduced by using 
bases 



A A 



5x 11 5x lr 

d d 



dyai - > dyar - • • • ® V 1 ® • • • ® V' ( 8 ) 

Along with nonlinear A^-connection one can define a distinguished linear 
connection (d- connection) T^ 7 associated to a fixed A/"- connection structure 



on e 






Torsion T£L and curvature R, 



spectively as 



■p-r 



■/3 S-y 



of d- connection T 01 ^ are defined re- 



T 



5 



where T a 



/?7 



s 5u~t' 5u? ) 
r a 7 — r a 7/3 + m a j3~ f and 



T 



Pi 



5u c 



(10) 



R 



5 5 5 



5u 5 ' 5u~< ' 5uP 



-K/3 7 5 



5 

5%fi 



(11) 



/ 3 ^7< 5 = ~^^- a Pi~ s^rf^ a ps+^ a p^ a tpS— T tp /3sT a vn +T a i3yW a ys- Through- 



where R- a 

out the formulas used below w a j 3 1 are nonholonomic coefficients of locally 

adopted reapers 



5 5 



5u a ' 5u? 



5 5 



5 5 



5u a Su 13 5uP 5u a 



W~ 'a/3 



5 

5u^' 



Global decomposition of bundle e into horizontal and vertical parts by 
nonlinear connection structure splits components of rf-connection and d- ten- 
sor fields into horizontal and vertical ones. Locally they appear for horizontal 
components: 



D h , 



'_5_ 

5x % 



L l jk(x,y) 



&**{&)= »«*•*■& 



sf 



and D h s f — , ,, - .. , 

— 2-r J ox K ax K 

<5x fc 

on e and for vertical components 



p — N a k(x,y)jA; where f(x,y) is a scalar function 



'dy 



""AhY^'^h'^ii 



d df 

C\ c (x,y)—, D^f = -L, 

Oy a Sy c OX K 



For components of torsion an explicit calculation gives 



hT 



vT 



<5x fc ' 8xi 

d_ _d_ 

dy b '' dx l 

' d_ _d_ 

QyC ' Qyb 



3k 5x^ V \5x k, 5xi 



rpa 



d 

jk ~dy~ a ' 



S a 



be 



' 5x l 

_d_ 
dy a 



the corresponding components of torsion are 

jb. 



rpi t i t i rp a p a 8N a k pi (~t% 

1 jk Li jk Li kji -L jk ll jk g i ± jb ^ 



pa 9N a j j a n a f-~i a ^ a 

b ~ dy b b i ' bc ~ bc cb 

For the components of curvature an explicit calculation gives 



(12) 



p ( 8 8 \ 8 pi 8 p / 8 8 \ 8 p a d 

^ VSxGi Sxi ) 8x l ~ ""-' i fc 5x i '- n 'V fafe ' SxJ J 8y b ~ b 3 k 8y a ' 

p ( _9_ 9 \ 8 p i _8_ p ( 8 8 \ 8 pa 8 l-\ q\ 

rt \dy c ^dx k j8x3 r 3 kc Sx i , ll ^ dyC , gxk I Qyb ^bkc dy a, \ LO ) 

p ( 8 8 \ 8 ^ pi _8_ p I 8 8 \ 8 __ q a 8 
n \8y c ' 8y b ) 8x3 ~ °j be g x i , Li y dy i , dy c J dy b ~ &b cd dy a 



the corresponding components of curvature are 

•)L_ 

si 



pi 0L ' jk °L jl \ T h Ti Th ti I /~i% pa 

Lij kl — ~HTl JZH r Li jk-L hi — Li j\Li hk ~r ^ jaLl kh 

pa 8L a bk 8L a b i , t c j a j c j a _i_ /~ia tdc 

Lib kl — —g—l g—k- + Li bkL> cl — Li f^L c k + L> bcLi kl, 



(14) 



pi 9L % jfc f~!i ^i pf, 

Lj kl — —Qy7 v_/ j c \\k -r ^ jbL kh 

p i 8L a bk f^a _i_ ria pd 

Lj kc Q y c ^ bc\\k *T "^ bd r kc, 

q i 8C 1 jt 8C % j c , s-fh ^ii _ s-ih ^i c 

°j bc — Q y c Qyb t "^ jb^ he <-> jc^ lib, 

C a _ 8C b da 8C a td I r~if na /~<f r*a 

Jb cd — —Qyi Qy-T- + <^ J be*- 1 fd — ^' bd^ fc 

In addition to d- connection structure, metric structure on v- bundle e 
being associated to a map G(u) : T u e Cg> T u e — > R. Choosing a concordance 
between N- connection and metric G on e when condition G ( -Aj, ^-J = 
or equivalently N a i(x,y) = Gib(x,y)G ba (x,y) are held. A metric G on e is 

defined by two independent ci-tensors gij(x,y) of type and h a b(x, y) 

of type and with respect to the local adapted bases can be written 

as G = gij(x,y)dx l <g> dx^ + h a b(x,y)5y a 5y b . d- connection Pg 7 is compatible 
with metric structure G : 

r 

DaG/3^ = T~^/37 — Gy 1 Y ip j3 a — Gp^T^^u = (15) 

In v- bundle e we can consider the canonical (metric) d- connection T(N) 

with components T p y = {L l jk, L a u, C l j C , C a b c ) determined by metric G. 
Below we write out the components of d- connections: 



6 



» -- IrfP ( ^ 9p . j 4- ^ 9pk ^3jfc 

jk — 2 y {laF " r feJ SxP 



ja _ dN a j | l h ac Sh bc dN^x h 9N a l h 

■ u bi f>„b 'i \ g x i ft„b lb ac f>„c lb ab 

rti _ 1„-- 

u J'6 — 2» ay 6 ' 



dy 6 ' 2 V &' dy 6 ac dy c •-««)■> / 1K \ 



r<a _ Ivad ( dh bd , 
^ be- 2 n {dy* + 



fly 6 dy d 



The Ricci tensor i?^ 7 = Rp a ia defines cd- connection and has the following 
components with respect to adapted reaper basis 



p p fc p _ pk p 

rL ij r H jki ri 'ia r i ak r i 

p p b p p q c c 

ri 'ai r a ib r aii ri 'ab ^a be J ab 



ij JTj jki -H-ia -M ak ^iai (~\7\ 

b _ _ TD D — Q c_ _ Q _ {*-' ) 



In general tensor Ricci is not symmetric. The scalar curvature of cd- connec- 
tion R = G af3 R a p is given by R = R + C, where R = g ij Rij and S = h ab S ab . 

4 Equation of Motion and Energy- Momentum 
Tensor of Locally Anisotropic Strings. 

We are intending to get strings equation of motion considering the move- 
ment of the two-dimensional surface imbed in (n + m) dimensional locally 
anisotropic space-time geometry and expansion of the tensor energy-momentum 
to Locally Anisotropic Geometry (LAG). We discuss some particular conse- 
quences of the Locally Anisotropic Strings (LAS). 

The a- model which corresponds to the Bose string action with Witten- 
Zumino term in locally anisotropic case is 

J = — ^ / dz a (S A u a S A u G a p(u) + ie AB 5 A u a 5 B u p H a p(u)) (18) 

Ana J v ' 

Varying with respect to j4j- in order to get string's equation of motion we 
note that due to the locally antisymmetric nature of the second term in ([Ps|) 
it does not contribute to string's equation of motion and taking into account 
the compatibility condition 

c 

D^G a p(u) = -r—G a p — r 7 Qcr G 7/ g — r 7 p ff G ai = (19) 



Lagrangian is given by 

C(u, G) = 5 A u a 5 A u p G af3 (u) (20) 

we get 



B = sb(S A u«5 A uPG a p(u)) = £ (-£zu«£-y) G aP {u) + 5 A u«5 A u^G aP {u) 

(*T A )(^ tt) M«))=^^ + te)=° 

multiplying on G a ^ and bearing in mind that G a ^G aj 3 = (m + n — 1) we have 
the string equation of motion of the locally anisotropic string 



[m 



+ n- l)d A d B u p + r a p 7 (u)d A u a d B u = (21) 



where r a ^ 7 as was expected is a symmetric part of the distinguished linear 
connection in the adapted bases and the last becomes possible owing to (|H|) 

One can split r a / g 7 (u) into symmetric part sT a ^(u) and nonsymmetric 
nT a p 1 parts on the different bases. 

Let us consider one of them minding one more that will be taken as 
essential in next section. 

Symmetric part of r a ^ 7 (-u) can be obtained by simple substraction of 
nonsymmetric part nY a p 1 {u) of Y a p 1 {u) : 

i«„(„) = r VM - ( c l u »* ) = ( L > ^ ) (22) 

sr a / a 7 (M) Levi-Civita connection or any other. Than equation ([H]) take the 
form of a system of two equations 



(m — l)d A d B x j + L l jk (x, y)d A x l d B x j = 
in - l)d A d B y b + C\ c (x, y)d A y a d B y b = 



(23) 



the equation fl23|) gives rise to the idea that in locally anisotropic case we have 
two way directions to move each being in corresponding subspaces (fiber and 
base). However, they are not independent due to independence of L l jk(x,y) 
and C a bc{x,y) on u(x,y) so that motion in fiber bears an impact from the 



point of view of physical applications consequences. We intend to discuss it 
in the next paper. 

Our next step is to have energy-momentum tensor extended to the case 
of the locally anisotropic geometry. We proceed by varying with respect to 
G a/3 (u) : 



SI 1 



/ (PzVGT aP (u) = 



5G a p(u) 2 
where 

T aP = 5 A uJ A u p - ^G a pG^5 A u p 5 A u 5 = 0. (24) 

The later result pefectly fits with the standard one in Riemannian case [[2lfl . 
as is to expect. 

5 Locally Anisotropic Geometry Background 
Field Method. 

This section deals with formulating of the Riemannian coordinates to the 
case of the locally anisotropic geometry. We consider also the possibility to 
obtain symmetric part of Y a ^{u) on the basis of having certain restrictions 
fixed on linear connection in the adapted basis. 

One embraces here a different approach adapted in |S3|, |32| rather devel- 



oping the standard normal (Riemannian) coordinates f29 ], generalizing them 



to the case of locally anisotropic geometry [27]. Author follows the general 
logic of the order extension contained in || ^5j. As far as u a = (x l , y a ),C, a = 
(9 l , X a ) and making shift u a — > u a + £ a and expanding it as a power series in 
£ a we get 

u a = u a + Cs - \ (r> 7 ) o ^ 7 - \ (r^UW - • • • (25) 

and accommodating the well-known relations to the case 

pS („.\ _. 1 / oi °l,°2.- a n-l _ -pS -p _ 

1 (ai,a2...a n )\ u ) N\ Su a n L 7,02,---"n-i J- ai«2 

S s<5 , s7 

*■ a 1 ya 3 ,...a n -i 1 a 2 a n J- 01,02, ...7 1 a n _i,o„) 

and 



■pS („.\ __ 1 / ££ g 1 ,e»2,...a n _l 

1 («i,« 2 ...a„)l u j iv v 6u a " (2Q) 

[1\ — 1)1 7 ,o 2v ..a n _ 1 1 ai a n J 

where 

tf + r ^¥ = 0/ = f ! (27) 

we finally obtain decomposition 



L /sa 

U = Uq + v 

2 \ ' v o 



(f ^) Q vV - 1 (r^ 75 ) tA; V - ■ • • (28) 



we referred to r /? 7 as a symmetric part of the distinguished linear connection 
in adapted bases and bearing in mind fll9|) and ( ^T|) takes form 



(29) 



^ = < + rs-|(f^) o ^v- 



3! 



(r^UWs 2 



and as [23] 



{W)m}„ = 1/SRwv (30) 

^ 
\%/3 r a) M } = _1 / 2 i? M ( 7/3 , Q ), 

| , 0-P-" W 

{^(57/3^a)/i) = ~ 3/5(2/9 RfapRg.rfnGpw +R^(S.j,aP)') 

a locally anisotropic tensor field ^^...^(w), can be order expanded 
one can express W Ql ... Qp by means of the ( ]50"D and (pi|) 

^...ap = Wai.-.o,, + Wai...a p ,/i ^ + l/2l{Wai...a p ,/i W 

p U 

— 1/3 Z^Rfj,a k uj Wai...a fc _ 1 i/a fc+1 ... ap }? £ + l/3-{W / a 1 ...a p ,^a 
fc=l 

10 



2 fttfMXkU) ** a 1 ...a k _ 1 va k+1 ..., 
fe=l 



'V* 2 /"fmm.ff ' / ^ai...a k - 1 ua k+1 ... ap JS S S + •• 



fc=l 



The general form is the same as in Riemannian space-time but the essence 
consists in the fact that £ splits in fiber A a and #* components and as we see 
later contractions are possible only for (A a A 6 )or (0'#?) as far as dimM ^dinxF 
(dimension of the fiber is not equal to the dimension of the base in general 
case. Yet, (X8) contractions present special interest in vector bundle space). 
Symmetric part of T ^ can be also achieved by reducing local anisotropic 
space-time i.e. restricting the mixed components of the d- connection. Pro- 
ceeding this way we get that torsion vanishes and we can define locally and 

along with a curve T /3 7 and summing up over the fiber-fiber and base-base 
indices in fll6|) we get that [[Uj, 



L* at 



J') 



— In 

dy a 






(32) 



The geometrical sense of the considered restrictions is evident from the defi- 
nition of connection components 



D i(lh^) 



dyC 



L a ak{x,y)-Qjp: 



(33) 



bases vectors ^, ^ lost their flexibility in ^, ^directions respectively 



rV 



■J—z directions. Our assumption makes locally anisotropic 



but did not in -. 

geometry to be rather awkward, but even it allows us to test the simplest 
extension of Riemannian bosonic strings to the locally anisotropic bosonic 
strings. 



11 



The components of the curvature take form: 

p i SL l j k SL 1 ji , t h T i T h T i 

J^j kl — —fad fak r Li jk-L hi ~ L* jl 1 ^ hk} 

-Q a $L a bk SL a b i i_rc fa j c j a 

-n-b kl — —fal fak r l-i ^Lj d — ±j \t\Li c fe, 

pi dL l j k ^~yj 

r 3 kl ~ dy c i c W k > (qa\ 

pi, ._ dL\ k r a {<&) 

1 j kc Qyc ^ bc\\ki 

Q i 9C l j b 8C l j c , ^yh (~ii f-ifr ^y 

°i be — a„.c ~~^J> r L' jb { ~' he ^ ic^ 



j be — -qTc q^T I" ^ jb^ hc~ ^ jc^ hb, 

C da 9C a t 

dy c dy c 



S b a cd =%^~^ + Cf hc C a fd - Cf M C a f 



The number of curvature components are just the same as in the local 
anisotropic case that permits us to make a conclusion that reducement will 
give a quantitative appropriate result to the original locally anisotropic case. 
The reduced d- connection in components is 

r 07 = \L> jki Li bii^ jci^ be)- (.""J 

The reduced components of Ricci tensor in adapted bases take form 

p p k p _ pk __ p p p b p p q c q 

*Hj - f n jki ^ia r i ka r iai ^ai r a ib laii -^ab ^a be ^ab- 



6 Effective Action Order Extension and Lo- 
cally Anisotropic Counterterms 

The effective action of a locally anisotropic a— model of Boze string is given 
by 

/ = -U / d 2 z(^}rj AB S A u a S A u^G aP (u) + te AB 5 A u a 5 B u^H a/3 (u) + 
Aira J 

aVv <t> R (2 U(u)) (36) 

where the second term is a nonsymmetric one H a p = —Hp a , It's been used 
the following notations herein : 



12 



z^r = <^r+ <*>r fr6 A u a z p , (37) 

s a 
<i>T /3 7 = 2^ \S-yG e p + OfiGey — O e G/3j) , 

A standard order extension with respect to £ and considering also the 
peculiarities of the locally anisotropic space gives |25 . 



I[u] = I[u] + -^{[\G aP (u)5 A u a D A uP + G a p(u)D A CD A e 
Ana 2 



1 
3 



+ <l> R a p^AU a 5 A u s eC + -D a<i> R PjSe S A u^8 B u e eC^ 5 
+\ R a p 1& 5 A u 5 D B C^C 

o<i> 



+\d $ <i> R fh sJBV?D A ?'F? + \ R ai5e D A CD A CCi S ] + 

2 6<i> 

+ie AB i^DpT aSl 5 A u a 5 A u s ee + T a ^6 A u a D A fC 

+ l -(D A D A T ai& + 2T? e <t> R^Se)S A u a 5 A u 5 CC^ S 

+ ^D A T aPl 5 A u a D B eet 5 + ^T aPl D A CD A eC 

+-^2\D$D$D~ j Tp €a + 6D$T a0 <i> Rf3 1 se + 2T ea D$ <i>R/3 7 se\) 

xSAvPSBu'e??? + \(D,D 5 T e , a + T? a<t> R^se 

~\tL <i>R0jSe) x 5 A u e D B CCeC- (38) 

+ ^D a T^ /5 D A CD A eC^] + 0(£ 5 )}. 

In what follows one explicitly calculates exclusively the contributions 
given by the richer aspects of the locally anisotropic apace time only Also, 
we omit the contributions of the contributions of WZW term solely given the 

13 



intention to avoid overwhelming of the calculations. The obtained results 



will be added to the standard one cited here from |2J . 

So, the additional action Ii a [u] to be added to the standard action I[u] 
comes explicitly from the properties of the locally anisotropic strings. The 
general structure of the locally anisotropic effective action of non-linear a— model 
is: 

I?aW = ha[u] + If a (x) + It(y) + I?- h (x, y); (39) 

where Ii a {x) string effective action on base coinciding to standard Rieman- 
nian one. The term If~ (x, y) has influence of both fiber and base. The 
contributions of If~ (x, y) projected on base, so that to the standard model, 
add nonlinear anisotropic corrections we pursue to calculate. The contri- 
bution of If~ (x, y) can be virtually interpreted^ as the effective action of 
interaction between effective action of, say base residing string If a (x) and 
similarly fiber string I^ a {y)- 

If a ' h (x,y) = (Ana')- 1 {D A e i D A X a + R abkl 5 A y a S A x l \ b 9 k 

+P jikc S A x j S A y c 9 i 9 k + P abkc 5 A y a 5 A y c X b e k + S jkbc S A x j 6 A y c 9 k X b 

+]-D l R abkl 5 A y a 5 B x l 9 l X b 9 k + l-D d R abkl S A y a S B x l X d X b 9 k 



+\D f P jikl 5 A x j 5 B x l 9 l 9 k 9 f + \D d P jikl 5 A x j 5 B x l 9 i 9 k X d 
+^D d S jibc S A x j 8 B y c X d 9 i X b + ^D l S jlbc 5 A x j 5 B y c 9 l 9 i X b 



iw^^' + i. 



+^R ba kiS A y b D B 9 l 9 k X a + -P Jlkc 5 A xW B X c 9 k 9 l 



+^P bakd 5 A y b D B X d 9 k X a + ^S ]lbc 5 A xW B X c X b 9 l 



—(DiDjRtou + 4R c akl R cjib )5 A y b 5 B x l X a 9 k 9 l 93 



2 The nature of the interaction, to be interpreted from the structure of the additional 
terms, will be considered as we go along with presentation. 
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+L(D c D d R bakl + 4R akl S cdcb )5 A y b 5 B x l X a 9 k X c X d 
+±(D m D n P likc + 4P/ kc R fnml )5 A y c 5 B x l 6 l 6 k 6 m 6 n 
+L(D c D d P likc + 4P/ kl R fdcb )5 A y b 5 B x l 9 l 9 k X c X d 
H-^A^Pabfcc + 4P fe t R djlc )5 A y a 5 B y c X b k 6W 
+ -^(D d D e P ahkc + 4P d ka R djlc )5 A y a 5 B y c X b 6 k X e X d 



" " ' ~?d t> \ X ™.7.J „.cni\bnknl 



12 



(D k D t s jibc + As d bJ R dlkc )5 A x^ B y c e l x b e k e l 



+^(D a D e S Jlbc + AS d bj R mc )8 A x j 5 B y c e i \ h \ a X e 






+^DjR bakl S B y b D A e l X a e j e k + -D d R bakl 8 B y b D A 9 l X a X d 9 k 

+^D l p jikd s B x j D A e i e l e k x d + ^D a p jikd s B y a D A e¥e k x d 



)-D l S jibc 8 B x j D A l e i X b X c + )-. 

2 2 



+^D l S jibc $ B x j D A 6 l i \ b \ c + -D a S jibc 8 B x j D A X a 9 i X b X c 



+-R bakl D A x b D A e l x a e k + -p jiM D A e j D A x d e k x d 



+-na fecJ DAA 6 J D A A c A a ^ + -S m D A e j D A \ c i X b }; (40) 

where Ifa(y) the fiber effective action gets quite already familiar expression 
/£(?/) = -^T{^A a ^A b + /i abJ DAA a ^A 6 + 5 abc(i ^ 5VA c A 6 

47TQ; 

+l(L» eJ D u 5 6acd + 45^ S ae J)6 A y b 6 B y d \ a \ c \ e \« 

+ l -D e S bacd 5 B y b D A X e X d X c X a + i 1 S bacdJ D A A 6 J D A A d A a A c };(41) 
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The contribution and effects of I^ a {y) are absolutely symmetric to Ii a {x) and 
to Riemannian string. Therefore, we intentionally omit consideration in these 
respect also for the diagrams and counterterms resulted from I^ a {y) do not 
interfere with those of base component as well as, it has been intended to see 
the effects upon the base evolvements. 

Here one can envisage at least two possible ways to count the effects of 
If~ (x,y). First is to project the additional terms on base, so that they lost 
vehemently the fiber aspect whatsoever. Second, is to interpret the fiber-base 
nature of the corrections as they have significance from the point of view of 
fiber-base interactions. There are both conveniently approached, whereas the 
first one is of primarily interest in the framework of exclusive calculation of 
locally anisotropic corrections, while the second one appealed to justifying 
the physically charged nature of the additional terms. 

The explicit expression for fiber-base locally anisotropic effective action 
I iT h ( x ^y) is given by: 

Il\x,y) = [P jikc S A x j S A y c +^D i R abkl S A y a S B x l X b 

+^D d P jikl 8 A x j S B x l X d + ^,Pwc^y 6 fel/ c A a 
+ l -D k S 3tbc 5 A x^ B y^ + \p 3lkc 5 A xW B ^ 
+^(D c D d P likc + AP/ kl R fdcb )5 A y b 8 B x l X c X d ] x 6 l 6 k 

+ ^ A " + \ DdRb ^y b ^ d + W^ B y^ 

+ \s lkbc D^X b + \D lS]kbc 5 B x^ + \R hakl D A m x DW 



1 l 



+^-P lkd X d X d D A 9W A 9 k 



+[-D l P jikl 5 A x j 5 B x l + — (AAfl&ow + 4R akl Rdib)5 A y b 5 B x l \ a 
+^(D i D l P abkc + AP d ka R dHc )5 A y a 5 B y c X b 



(DkDtSjte + AS d h3 R dlkc )5 A x^ B y c \ b ] x 0W 



1 

— {P>kP>l^jibc + ^ibj 
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+[\D k R haji 8 B y b \ a + ^D l P jikd 8 B x j X d 

+ l -D a p llkd 5 B y a \ d ] x D A e¥e k 

+ ±-(D m D n P Hkc + 4P/ kc R fnml )8 A y c 8 B x l 6 l 6 k 6 m 6 n (42) 

the standard procedure for doing calculations of divergencies [|J implies the 
following notations: 

^7C><(ftO = -\(v AB + z AB )(D c ~^ aiPe -2^ K aip Tp eK )D A u a d B uP 



x(rre c ) 

2 



fl£ e x (D£tt) = -^(v AB <i>R 7(aP) e+e AB <i>R 7{a p )e )d A u a x (D B fCe), 



C AB x(D^D^) = --e AB T a ^x(CD A CD B C^ 

1,2 






LIT x {DZDZti) = --[-V AB U>R a p + T: s T tPK ) + e AB <%> R aSep ] 



IT**x(««) = { — (^ + ^)[^*<«>JW/» 
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+ <i>Ra-y8<i>Rpe\K + 3<i>-R Q7 5<j>-R + AD\ < i > R orfSK Tp\ 

5 /"Tift /Jlf ] 

t a7<5K J e^ J /3Aj 



H-4 <i> R 5/t T^n A ]^^ B ^} x (r**re A ), 



^ 7 x («) = ~(V AB + e AB ) <t> R a ^AU a 5 A u s x (^ 7 ). 



1 

The counterterms coming out of the one loop diagrams are proportional 

to 



Xap =£ \ (<i>Ra6 7 ^ A u a 8 A u^^ s - lte AB D s T af3l 8 A u a 8 B u^ s ^) 

+l/3m% i> R a pU a 'uP ( 43 ) 
= \{<i>R a p - 1/4T^) - \ie AB D 5 T^ s + |m= :i>J R t ^ a ^. 

where there has been considered the contributions of the relations from base 
[24] and of corrections fiber-base projected on base ([I2j). 

-e AB 5 A u a 8 B uP{\D x T apx ) + im^i^i/V) l ; 
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In the explicit form the results projected on base (|4"2 ) are given: 



(47T6)- 1 f d a z{5 A x i 5 A x 3 {R ij - 1/47$) 
+V jB 5 A x j + K ij S A x i S B x j + W iA S B x i 



+ £ -^W(-^T« A ) + I m ^V) (45) 

Expression (|45|) gives counterterms with one loop contributions resulted from 
!9|), where one introduced the notations 



Fu = l/3D k R kabl 5 A y a X b , M jB = l/3D k S kjbc S B y c X b , K jt = 4/31^^46) 

Cia = -^(D c D d P lc + AP/R fdcb )S A y b X c X d , O jB = P, C D B X C , U jA = P, c 5 A y c , 
W jA = U jA + C jA .,V jB = M jB + O jB . 

Expression (f|^) differs from the standard effective action by the compo- 
nent 

plLnli = (^e)- 1 J d a z(V jB 5 A x' + K l3 5 A x l 5 B x j + W lA 5 B x l ) (47) 

where fields V AB = e AB Vj B 8 A x^ , W AB = Wi A 5 B x % are transformed as gauge 
like fields, so that the only possible invariant of which has four dimension and 
cannot contribute to UV divergencies of two dimensional space. Therefore, 
the only additional UV divergent contribution remains 

pliLnl = (^e)- 1 1 d a z(K tJ 5 A xW) (48) 

The last produces a set of new diagrams, presented below. The structure of 
pIcount,i nas n °t been essentially different from the rest of the standard coun- 
terterms that thus allows to presuppose, within the first mentioned above 



approach, simple locally anisotropic correction.pl. 



The contributions of some additional locally anisotropic one loop diagrams 
are calculated making use the standard procedure ffl: 



(la) 
(16) 
(lc) 
(Id) 



As lv 
^(l + e)K u D k Hf l , 

-^ K H Rl p- 



(49) 



If not projected on base the diagrams resulted from (f5|), will bear tensor 
sings of fiber. Also the one loop base-fiber diagrams will not be transformed 
in two loop diagrams, one of which will be base and another one fiber loop. 



5 See also relevant discussions in S.Vacaru, Locally Anisotropic Interactions: I. Non- 



linear Connections in Higher Order Anisotropic Superspaces, E-print: hep-th/9607194 
Locally Anisotropic Interactions: II. Torsions and Curvatures of Higher Order 



Anisotropic Superspaces, E-print: |hcp-th/9607194| , 

Locally Anisotropic Interactions: III. Higher Order Anisotropic Supergravity, E-print: 
hcp-th/9607196|. 



19 



This is explicable by the fact that the fiber tensor order is low enough to 
prevent order expansion in those one loop counterterms that contribute to 
base standard counterterms. The fiber terms allowing fiber order expansion 
and forming up fiber one loop do not result in base loops. 

At the same time the tensor structure of the terms VjbSaX-* , W^Sbx 1 
suggests their gauge like character. Their role is not interpreted and clear 
yet. 

the action the two loop diagrams to be read from is 



county = If a (x) + ptfa ( x > v) + P 1 count 2 + l/3m 2 Rij9 l 9 j + H - dependentpart 

(50) 



pliLZ = +(47re)- 1 J 'd^Rij- 1/4^ + K ij )D A 9 i D A 9 j 

+ [l/2D i D j {R lk -l/ATf k + K lk ) 

+R k jl (Ri k - l/ATf k + K lk )\ x SaxISbxW (51) 

+2D f (R ij - 1/42* + K ij )8 A x i D B 9 i 9 i 
+D j V Bi D A 9 i 9 j + B i W A iD B 9 i 9 i 

+ [l/m\ jk (y Bl 5 A x k + W Al 5 B x k ) (52) 

+ l/2D l D J (V B i5 A x k + W Al 5 B x k ) (53) 

-l/3R l ikj (V B iS A x k + WaiSbx")} x Fffl (54) 

Below we bring only some of the two loop diagrams resulted from (E 
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which are being projected to base again: 



The calculations of these two loop locally anisotropic diagrams gives the 
result: 



(2a) 
(26) 
(2c) 



jri jy-klm 

o_™,9^ kirn ly i i 



4<- 



l 



l 



16 v 4vr% 2 2ire 

\ TV- K h 

-, „ r, J^iklm-^j 

\bTxm z e J 



1-^-ikljJ- km-L Im 



(55) 



Adding up easily the contributions of one and two loop locally anisotropic 
counterterms of two loop locally anisotropic W^jL function, one gets the 

complete two loop locally anisotropic Ph)afi function including all terms of 
base fiber-base: 



n(G)la 
P(2)a/3 



aia) _i_ a(9-h) 

P(2)ii I" Pf 



\m 



\m 



i(g-f>) 



(56) 
si fpBl) and 



where wfjL acc °unts for the contributions of the diagrams 
other possible diagrams to be resulted from locally anisotropic dependence 
nature of the locally anisotropic string model. The result ( J56"D taken the 
already well known, see for instance p4}| , fi^Lj functions render the explicit 
contribution projected on base of the effects from base-fiber, otherwise es- 
sentially anisotropic nature of the geometrical background of the model. 
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7 Conclusions and Interpretation of Results 

It is clear that the locally anisotropic spaces, spaces provided with the struc- 
ture of nonlinear connection allows conceptual and consistent generalization 
of the (super) strings models, as they are modelled on a explicitly anisotropic 
geometric background. 

The above presented results show that the basic techniques developed in 
(super) strings theory after some accommodations to the features of locally 
anisotropic spaces are successfully applicable. The locally anisotropic nonlin- 
ear a— model is apparently renormalizable, the locally anisotropic corrections 
having manifestly similar structure to those of standard nonlinear a— model. 
The extension of the explicit locally anisotropic strings to locally anisotropic 
superstrings is far only a matter of technical aspects. 

An interesting feature of the locally anisotropic strings comes from the 
role of the VjbSax^ , WiaSbx 1 gauge like fields and their fiber symmetric coun- 
terparts. The explicit form of these fields are given by ([!§). These terms on 
one hand can contribute to two loop base diagrams and are gauge like fields 
in base one loop approximation. At the same time they are manifestly gauge 
like fields in fiber space. This twofold nature of the terms: a contributing 
term on base and simultaneously gauge like field in fiber may virtually in- 
spire to physically interesting interpretations, as for instance can be string 
interaction 0. 

In the number of above cited works the geometry of locally anisotropic 
spaces had been groundly considered physically natural and quite appropriate 
bases to modeling and investigating fundamental interactions. The explic- 
itly presented example is considered by author to be one of the convincing 
argument for raising the validity and trustworthy of the locally anisotropic 
spaces in physicists' perception. 



References 

[1] L.Alvarez-Gaune, D.Z. Freedman and S. Muchi, Ann. of Physics, 134 
(1981) 85-109. 



S. Ostaf, Locally Anisotropic Geometric Interpretation of String Interactions, (in 
preparation) 



22 



[2] P.L. Antonelli and R. Miron (eds), Lagrange and Finsler Geometry, Ap- 
plications to Physics and Biology, (1996) (Dordrecht, Boston, London: 
Kluwer Academic Publishers) 

[3] A. Bejancu, Generalized Gauge Theories, in Colloquia Mathematica So- 
cietatis Janos Bolyai. 56. Differential geometry (EGER, Hungary, 1989) 
(1989), pp 101 

[4] A. Bejancu, Finsler Geometry and Applications (Chichester, England: 
Ellis Horwood), 1990. 

[5] G.Yu.Bogoslovskyi, "The Theory of Locally Anisotropic Space-Time" 
Moskow University Press, 1982, (in Russian). 

[6] C.G. Callan, D.Friedan, E.J.Martinec and Perry, Nucl.Phys. B262 
(1985), 593. 

[7] S. Fradkin and A.A. Tseytlin, Phys. Lett. B158 (1985), 316; Nucl. Phys. 
B261 (1985), 1. 

[8] B.E. Fridling and A.E.M. van der Ven, Nucl. Phys., B268 (1986), 719. 

[9] Howe PS. et all, Nuclear Physics, B269 (1988) 26-48. 

[10] CM. Hull. Lectures on Non-linear Sigma Models and Strings (DAMPT, 
Cambridge, England, 1987). 

[11] S. Ikeda, Tensor N. S. 55 (1994) 39 

[12] M. Karoubi, K-Theory ( Springer- Verlag, Berlin, 1978). 

[13] A. Kawaguchi, Tensor N.S. 6 (1956), 596. 

[14] S.V. Ketov, Non-linear Sigma Models in Quantum Field Theory and 
String Theory (Nauka, Novosibirsk), 1992. 

[15] C. Lovelace, Phys.Lett. B35 (1984), 75. 

[16] L.D. Landau si E.M. Lifsit, Theory of Field, "Nauka", M, 1988. 

[17] R. Miron and M. Anastasiei, Vector Bundles. Lagrange Spaces. Appli- 
cation in Relativity (Ed.Academiei, Romania, 1987). 

23 



[18] R. Miron and M. Anastasiei, 1987, Vector Bundles. Lagrange Spaces. 
Application in Relativity (Ed.Academiei, Romania 1987) [in romana]; 
English translation 1996 (Bucharest: Balkan Press) 

[19] R. Miron and M. Anastasiei, 1994, The Geometry of Lagrange Spaces: 
Theory and Applications (Dordrecht, Boston, London: Kluwer Academic 
Publishers) 

[20] R. Miron and Gh. Atanasiu, 1994, Compendium sur les Espaces Lagrange 
D'ordre Superieur, Seminarul de Mecanica. Universitatea din Timi§oara. 
Facultatea de Matematica; 

[21] R. Miron and Gh. Atanasiu, 1996, Revue Roumaine de Mathematiques 
Pures et Appliquees XLI N os 3-4 205; 237; 251 

[22] R. Miron and T. Kawaguchi, Int. J. Theor. Phys. 30 (1991), 1521. 

[23] R. Miron, R.K. Tavakol, V. Balan and I. Roxburgh, Geometry of Space- 
Time and Generalized Lagrange Gauge Theory, Publicationes Mathe- 
maticae, Debrecen, Hungary 42 (1993) 215. 

[24] R.R. Metsaev and A.A. Tseytlin, Nucl. Phys. B293 (1987), 385-419. 

[25] S.Mukhi, Nucl. Phys., B264 (1986), 640. 

[26] S. Ostaf. Nearly Autoparallel Maps and Locally Anisotropic Geometry, 
Contributions to the 14 International Conference on General Relativity 
and Gravitation, Florence, August 6-12, 1995 (GR14, Florence, 1995). 

[27] S. Ostaf, Locally Anisotropic Strings: Two-loop Explicit Calculations, 
in Abstracts of Romanian National Conference on Physics, Constanta, 
1998. 

[28] A.M. Polyakov, Quantum Geometry of Bozonic Strings, Physics Letters, 
vl03B, #3, 23 July 1981, 207-210. 

[29] P.K. Rashevsky, Geometric Theory of Differential Equations, Gostehiz- 
dat, Moskow, 1947. 

[30] J.H. Schwarz (ed), Superstrings: the first 15 years of superstring theory: 
reprints and commentary, (World Scientific, Singapore, 1985). 

24 



[31] S. Vacaru, Interactions, Strings and Isotropics in Higher Order 
Anisotropic Superspaces. Palm Harbor. Hadronic Press, 1998. 



S. Vacaru Ann. Phys. (N.Y.), 256 (1997) 39; E-print: |gr-qc/9604on 



S. Vacaru Nucl. Phys. B 424 (1997) 590; E-prints: |hep-th/ 96 11034 
|hep-th/9607T96: ; hep-th/9607195t |he~p-th/9607194| 



S. Vacaru and Yu. Goncharenko, Int. J. Theor. Physics. 34 (1995) 1955. 

S. Vacaru, Stochastic processes and diffusion on spaces with local 
anisotropy, E-print: |gr-qc/9604014 . 



[32 
[33 

[34 
[35 

[36 

[37] S. Vacaru, Spinors in higher dimensional and locally anisotropic spaces, 
E-print: kr-qc/96040l5| . 

[38] S. Vacaru, Exact solutions in locally anisotropic gravity and strings, to 
be published by the American Institute of Physics as Proceedings of 
the Conference " Particles, Fields and Gravitation" , Lodz, Poland, April 
15-18, 1998; E-print: kr-qc/9806080l 

[39] S. Vacaru, S. Ostaf, Nearly Autoparallel Maps of Lagrange & Finsler 
Spaces, in P. Antonelli & R. Miron (eds), Lagrange & Finsler Geometry, 
p. 241-253, 1996, Kluwer Academic Publishers. 



S. Vacaru, Nearly autoparallel maps, tensor integral and conservation 
laws on locally anisotropic spaces, E-print: |gr-qc/9604017 . 



25 



This figure "lloopl-2gif.gif" is available in "gif ' format from: 



http://arXiv.org/ps/hep-th/9906231vl 



This figure "21oop6agif.gif" is available in "gif ' format from: 



http://arXiv.org/ps/hep-th/9906231vl 



